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Abstract. We consider the stochastic CGL equation 

u — uAu + (i + o)|w| w = 77(1, x), Auax = n, 

where u > and a > 0, in a cube (or in a smooth bounded domain) with Dirichlet 
boundary condition. The force rj is white in time, regular in x and non-degenerate. 
We study this equation in the space of continuous complex functions u{x), and prove 
that for any n it defines there a unique mixing Markov process. So for a large class 
of functionals /(«(•)) an d for any solution u(t, x), the averaged observable E/(u(i, •)) 
converges to a quantity, independent from the initial data u(0,x), and equal to the 
integral of f(u) against the unique stationary measure of the equation. 
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1 Introduction 

We study the stochastic CGL equation 

u — vAu + (i + a)\u\ 2 u = r](t, a;), dimx = 77,, (1-1) H~l 

where n is any, v > 0, a > and the random force r\ is white in time and regular 
in x. All our results and constructions are uniform in a from bounded intervals 
[0, C], C > 0. Since for a > the equation possesses extra properties due to the 
nonlinear dissipation (it is "stabler'^ then below we restrict ourselves to the 
case a = 0; see discussion in Section This equation is the Hamiltonian system 
it + i\u\ 2 u = 0, damped by the viscous term vAu and driven by the random 
force rj. So it makes a model for the stochastic Navier-Stokes system, which 
may be regarded as a damped-driven Euler equation (which is a Hamiltonian 
system, homogeneous of degree two). In this^mrk^we are not concerned with 
the interesting turbulence-limit v — > (see I Ruki)i , |Kuk99j for some related 
results) and, again to simplify notation, choose v = 1. That is, we consider the 
equation 

ii - Au + i\u\ 2 u = rj(t, x). (1.2) | E : 1 

For the space-domain we take the cube K = [0, 7r] n with the Dirichlet boundary 
conditions, which we regard as the odd periodic boundary conditions 

u(t, . . . ,Xj, . . .) = u(t, . . . , Xj + 2tt, . . .) = — u(t, . . . , — Xj, . . .) V j. 



Our results remain true for §OJ irLagSmooth bounded domain with the Dirichlet 
boundary conditions, see Section H - 

The force r](t,x) is a random field of the form 

V(t,x) = ^C(t,x), £(t,x)= ]T b s P s {t)ip s {x). (1.3) |E:2* 

Here b s are real numbers such that 

fis = (3~^ + i/SjTj where f3f are standard independent (real- valued) Brownian 
motions, defined on a complete probability space (fijj 7 , P) with a filtration 
{Ff,t >0}Q 

The set of real functions {tp s (x),s <G N"} is the L 2 -normalised system of 
eigenfunctions of the Laplacian, 

ip s {x) — (2/7r)' l/2 sinsi^i ■ . . . ■ sins„a; n , (-A)tp s = a s ip s , a s = \s\ 2 . 



The filtered probability space (f!, {^-(},P), as well as all othe %fi^tere d probability 
space, used in this work, are assumed to satisfy the usual condition, see l lfs.biJl| . 
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Our work continues the research l [Kuk99] and makes use of its method, which 



' — ' T ... 

exploits essentially the well known fact that the deterministic equation {fL.'Z]) v -n 
implies for the real function \u(t, x)\ a parabolic inequality with the maximum 
principle. Denote by H m the Sobolev space of order to, formed by complex odd 
periodic functions and given the norm 

||u|U=||(-Ar/2 u || ) (1.4) 
where || ■ || is the IK ^-norm on the cube K. In Section fjrff we repeat some 



construction from [TCTik99 and state its main result, which says that if 

u(0, x) = u (x), (1.5) | E : 5 

where uq £ H m , to > n/2, and 

B m :=^& 2 | S | 2m <oo, 

I K ■ 1 JK-R 

then (pi.^p . (pi.ap has a unique strong solution u{t) £ H m . Moreover, for any 
T > the random variable Xt = sup T<t<T+1 ^(i)^ satisfies the estimates 

sxy c q v 9 >o, (i.6) [7] 

where C q depends only on |uo|oo and Analysis of the constants C q , made 
in Section \U.2\ implies that suitable exponential moments of the variables Xt 
arc finite: 

Ee cXT <C' = C'(B„,KU), (1-7) 

where c > depends only on . 

Denote by Co(ijjC) 3 the space of continuous complex funct^ns on. Jg, vanishing 



M j a J. .... J . ' .. 

at <9A". In Section Ewe consider the initial- value problem |Oj), (pi.ap . assuming 

only that £?* < oo and uo G Co (A). Approximating it by the regular problems 

as above and using that the constants in (|IT.6[) . (|ll.7[) depend only on £?* and 

I wo |oo, we prove 

Theorem A. Let -B* < oo and uo £ Co (A). Then the problem 
has a unique strong solution u(t, x) which almost surely belongs to the space 
C([0, oo), C (A)) n A 2 OC ([0, oo), H 1 ) . The solutions u define in the space C (A) 
a Fellerian Markov process. 

Consider the quantities J* = J Q ^(r)! 2 ^ ^ — At, where A is a suitable con- 
stant, depending only on £>». Based on (|ll.7[) . we prove in Lemma IET71 that 
the random variable sup t>0 J* has exponentially bounded tails. Since the non- 
autonomous term in the linearised equation (pi.^p is quadratic in u, u, then the 
method to treat the 2d stochastic Navier-Stok ^ syst em, based on the Foias- 
Prodi estimate and the Girsanov theorem (see |kVSl2j forj|^cussion and refer- 
ences to the original works) allows us to prove in Section |y 
(stability) There is a constant L > 1 and two sequences {T m > 0,to > 1} and 
{e m > 0, to > 1}, e m = r > 1 as m — > oo, such that if for any to > 1 we have 
solutions u(t),u'(t) of (pi.^p . satisfying 

u(0),u'{0) £ B m ={«6 C (A) : ||u|| < 1/m, \u\ Loo < L], 



3 



then for each t > T m we have \\V(u(t)) - V{u'{t))\\* c < e m . Here \\fj, - u\\* c is 
the dual-Lipschitz distance between Borelian measures fj, and v on the space 
(see below Notation). 

We also verify in Section |0 that 
(recurrence) For each m > 1 and for any uq,u' <E Co (A), the hitting time 
inf{f > : uCt).E B m ,u'(t) £ B m }, where u(t) and u'(t) are two independent 
solutions of (pi.^l) such that u(0) = Uq and u'(Q) = u' , is almost surely finite. 



j^These two properties allow us to apply to eq. fEZ} an abstract theorem from 
2J which implies the second main result of this work: 



Theorem B. There is an integer N = N(B* : v) > 1 such that if b s ^ for 
l s l < N, then the Markov process, constructed in Theorem A, is mixing. That 
is, it has a unique stationary measure /u, and every solution u(t) converges to fi 
in distribution 

This theorem implies that for a large class of continuous functionals / on 
Co (A") we have the convergence 



Ef(u(t)) -> / f(v) fi(dv) as t -> oo, 

IF.: 1 J C:4B 

where tt(t) is ajre solution of (jlO| . See Corollary ET3T 

In Section |bfwe explain that our results also apply to equations ([Ir.ip , con- 
sidered in smooth bounded domains in R™ with Dirichlet boundary conditions; 
that Theorem A generalises to equations 

u — v/S.u + (i + a)<7 r (|M| 2 )u = r){t, x), (1-8) 

where g r {t) is a srnpoth function, equal to t r , r > 0, for i > 1, and Theorem B 
generalises to eq. (|ll.8p with < r < 1. 



Similar r^ults for the CGL equations (|IT.8I) . where 77 is a kick force, are 
obtained in |rvSl2j without the restriction that the nonlinearity is cubic, and for 
the case when r\ is the derivative of a compound Poisson process - in l jNer08] . 
Our technique does not apply to equations (|ll.8|) with complex v. To prove 
analogies of Theorems A,jT3. jgr suc^equations, strong restrictions should be 
imposed gn^ a nd r. See l |HaiUZUOdau8] for equations with Re v > and a > 0, 
nji see |ShiU6j for the case Re^ > and a = 0. We also mention ^he work 
05] which treats interesting class of one-dimensional equations with 



[TJD 



complex ^ such that Rei^ = and a = 0, damped by the term aw in the l.h.s. 
of the equation. 

Notation. By H wc denote the i 2 -spacc of odd 27r-pcriodic complex 
functions with the scalar product (u,v) := Re J K u(x)v(x)dx and the norm 

— - ; baMIJ IKSC 

That result was introduced in I phiUb] , based on ideas, developed in l (KS02) to establish 

mixing for the stochastic 2D NSE. It applies to various nonlinear stochastic PDEs, including 



the complicate^ equation l|D". Ill where a = and v is complex number with a positive 

real part, see l lSmUbl . 
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||it|| 2 := (u,u); by H m (K), m > - the Sobolev space of odd 27r-pcriodic 
complex functions of order to, endowed with the homogeneous norm (|ll.4|) (so 
H°(K) = H and || ■ || = || ■ |). By Cq(Q) we denote the space of continuous 
complex functions on a closed domain Q which vanish at the boundary dQ (note 
that the space Co (A") is formed by restrictions to K of continuous odd periodic 
functions). 

For a Banach space X we denote: 
Cb(X) - the space of real- valued bounded continuous functions on X; 
C(X) - the space of bounded Lipschitz functions / on X, given the norm 

ll/IU := l/loo + Lip(/) < co, Lip(/) := sup |/(«) - f(v)\ \\u - v\\-\ 

B(X) - the CT-algebra of Borel subsets of X; 

V(X) - the set of probability measures on (X,B(X)); 

Bx(d), d > - the open ball in X of radius d, centered at the origin. 

For fi G P(X) and / € C b (X) we denote = (fi, f) = J x f(u)fi(du). If 

Mi)M2 G V(X), we set 

H/xx - /x 2 ||£ = sup{|(/, W ) - (/,/i 2 )| : / G £(X), H/IU < 1}, 

|| A^l - mWvar = SU P {|/Zl(r) - #8 (T) | I T G 

The arrow — ^ indicates the weak convergence of measures in V{X). It is well 
known that fj, n — /J, if and only if ||/tt n — /J'Wc ®i ano - that \\fj,i — fJ-2\\c — 2 1| — 

The distribution of a random variable £ is denoted by £>(£)■ For complex 
numbers Z\ , z 2 we denote Zi-z 2 =Rez!Z 2 ; soz-dj3 s — (Rez)d/3+ + (Imz)d/3j(i). 
We denote by C, unessential positive constants. 



2 Stochastic CGL equation 

| S:2 | 

2.1 Strong and weak solutions. 

S:21 | 

Let the filtered probability space (O, J 7 , {J 7 *}, P) be as in Introduction. We use 
the gjjanda rd definitions of strong and weak solutions for stochastic PDEs (e.g., 
see ptS91] ): 

| D: 1 1 Definition 2.1. Let < T < oo. A random process u(t) = u(t,x),t e [0,T] 
in Cq(K) defined on a probability space (Q, P) is called a strong solution of 
jl I Bp i/ ifte following three conditions hold: 

(i) the process u(t) is adapted to the filtration T t ; 

(ii) its trajectories u(t) a.s. belong to the space 

H([o,r]):=c([o,r],Co(A'))nL 2 ([o,r],i/ 1 ); 
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(Hi) for every t £ [0,T] a.s. we have 

u{t) = u + [ (Au - i\u\ 2 u)ds + C(t), 



where both sides are regarded as elements of H 1 . 

If (i)-(iii) hold for every T < oo, then u(t) is called a strong solution for 
teR+ = [0,oo). 

A continuous adapted process u(t) £ Cq{K) and a Wiener process £'(t) G H, 
defined in some filtered probability space, are called a weak solution of if 
T>(C) = 2?(C) and (ii), (iii) of Definition lETTl hold with C replaced by C'- 

We recall that for I > we denote Bi := X] S £N™ I^| 2 I s I 2 ' ^ 00 • Note that 
Bo < B 2 < 00. Let us fix any 

m > n/2. 

Problem ([llT^]) . (fe|with u S i? m and B m < +00 was considered in fK"uk99] . 
Choosing 8 = 1 in I Kuk99j . we state the main result of that work as follows: 



. . I K: 1 | E:B 

| T:l | Theorem 2.2. Assume that u e H m and B m < +00. Then JO)) . JO]) /ias 
a unique strong solution u which is in H([0,oo)) a.s., and for any t > 0,q > 1 
satisfies the estimates 

E sup !«(«)!*, < C„ (2.1) [eTg" 

se[i,t+i] 

E||«(t)||S, < Cg.m, 

where C q is a constant depending on |uo|ao> while C 9jm also depends on ||ito|| m 
and B m . 

In this theorem and everywhere below the constants depend on n and -B*. 
We do not indicate this dependence. 

Remark 2.3. It was assumed in h\u k99 ^ijiai / / < 3. This assumption is not 
needed for the proof. The force rj(t, x) in I Kuk99j has the form r)(t, x)$(t), where 
/8 is the standard Brownian motion and r)(t, x) is a random field, continuous and 
bounded uniformly in (t, x), smooth in x and progressively measurable. The 
proof without any change applies to forces of the form (111. 5 1) . 

Our next goal is to get more estimates for solutions u(t, x). Applying Ito's 
formula to ||w|| 2 , where u(t) = ^2u s (t)(p s (x) is a solution constructed in Theo- 
rem lEZl we find that 



t 

u.(t) • d/3 s (r). 



\\u(t)\\ 2 = \\u \\ 2 + f {-2\\u{t)\\\ + 2B Q )dr + 2 V b s f 
Jo sgN „ Jo 

Taking the expectation, we get for any t > 

E||u(i)j| 2 + 2E / ||7^(r)|| 2 dr= ||7^o|| 2 + 2B i. (2.2) [^31 

Jo 
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To get more involved estimates, we first repeat a construction from |Kuk99j 
which evokes the maximum principle to bound the norm x)| of a solution 
u(t,x) as in Theorem jz:z\ in terms of a solution of a stochastic heat equation. 

Let £ € C°°(K) be any function such that 



£0) 



for r < i, 
r for r > i. 



Writi 

(see 



,N 



y^TM ^ n tne polar form !j, x . = re 4 ^ and using the Ito formula for £(|w M |) 



% Section 4.5 and |KS12j . Section 7.7), we get 



£(r) = fo + T e'W(Ar - r|V0| 2 ) + 1 £ ^fr'toCe 4 * ■ 



+ £'(r)i(|^| 2 -(e^ s ) 2 )) 



dt + T(t), 



(2.3) 



where £o = £(l w o|): a ■ b = Re a& for a, & g C and T(i) is the real Wiener process 



^Wn JO 



equation 



(2.4) | E:M | 



Since |u| < £ + | , then to estimate \u\ it suffices to bound £. To do that we 
compare it with a real solution of the stochastic heat equation 



v — Av = T, 



v(0) = v , 



(2.5) 



where vo := |£o|- We have that u=Vi + 1)2, where V\ is a solution of (pz.ipj) with 
T := 0, and i>2 is a solution of with Vq := 0. By the maximum principle 



sup|«i(i)|oo < Moo < |uo| 



(2.6) 



E:vl 



E:v3 



qq 



To estimate V2 , we use the following lemma established in |Kuk99j (see l |'Kryao 
IMR96| IKNP03) for more general results). 



01.KNP03 



Lemma 2.4. Let V2 be a solution of \\2. b)l with T = J2 S bsf s {t, x)f5 8 {t) and 
vq = 0, where progressively measurable functions f s (t,x) and real numbers b s 
are such that \ f s (t, x)\ < L for each j and t almost surely. Then a.s. v-i belongs 
to C(K+, Cq(K)), and for any t > and p > 1 we have 



E sup M«)|*< (C(T)LB^pP. 

se[i,t+T] 



(2.7) 



Moreover, 

M v 2 \([t,t+l]xK) \\ P C 6/2.e < C(p,6) 

for any < 9 < 1, where \\ ■ \\ c e/2,e is the norm in the Holder space of functions 
on [t,t + 1] x K. 



E:v4 



7 



In l jKuk99] . this resnhis stated with a constant C p instead of { CJ^B^) 2p p p in 



the right-hand side of (fZ. (\) . Following the constants in the proof of l |Kuk99j , one 
can sec that C p = (CLB^^ C^ wh ere C p is the constant in the Burkholder- 
Devis-Gundy inequality. By we have C p < C p j/ J '. 



Using the definition of £ we see that the noise T defined by (\U,A\) verifies the 
conditions of this lemma since the eigen- functions (p s satisfy < (2/n) 2 

for all x £ K. 

Let us denote 

h(t,x) = £(r(t,x)) - v(t,x). 

Since a.s. u(t,x) is uniformly continuous on sets [0,T] x K, < T < oo, then 
a.s. we can find an open domain Q = Q u C [0, oo) x K with a piecewise smooth 
boundary dQ such that 

1 3 
r > — in Q, r < — outside Q. 

Then h(t, x) is a solution of the following problem in Q 

h - Ah =^ E b 'l^| 2 -M V ^ 2 + i E ^-^) 2 ) = : 5M> (2.8) 
fr|a+Q = 0*-v)|a + Q =:m, (2.9) 

where stands for the parabolic boundary, i.e., the part of the boundary of 
Q where the external normal makes with the time-axis an angle > jt/2. 
that m(0, x) = 0. We write h = /iw+/i 2lE whcrc h\ is a solution of 
with g = and ft. 2 is a solution of with m = 0. Since each |y«(a:)| is 

bounded by (27r)"/ 2 and r > | in Q, then g £t h x) < (2/tt)™ Bo everywhere in Q. 
Now applying the maximum principle (see |Lan97] ). we obtain the inequality 

8up|h a (*)U < CB , 



(see Lemma 6 in l jKuk99p . Therefore 



|«(*)U < 2 + IfWIoo < I + CB + |«l(*)|oo + |«2(*)|oo + |hi(*)U- (2-10) 



To estimate /ii we note that 



/ii(s,x)=/ m(£)G(s,x,d£), 



where G(s, x, d£) is the Green functional for the problem (pz.»J) . with g = 0, 
which for any (s, x) € Q is a probability measure jr^Q, su pported by d+Q. Here 
we need the following estimate for G, proved in l |Kuk99j . Lemma 7, where 

Q[a,b] :=Qf\([a,b] x K). 



E 


hi 




E 


h2 



ots 



'It depends on ui, as well as the set Q. All estimates below are uniform in lo. 
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L:reza Lemma 2.5. Let < s < t. Then for any x £ K we have G(i, X, Q[o.t-< 
G(t, x, Q [Q , t -s] n d+Q) < 2t &-*£>. 

Since ^la+g < §, we have 



IM*>*)I<7+/ |«i(0|G(*,x,<^)+ / MO|G(t,x,d£). (2.11) [oa] 
4 Ja+o Ja+o 



Estimate CM)!: implies 



|«i(0|G(*,x,df)<|uo| 



(2.12) 



O.l' 



Let us take a positive constant T and cover the segment [0,t] by segments 
h, . . . , Ij T , where 



-1, I j = [t-Tj,t-Tj + T\. 
To bound the last integral in (|lz.ll|) . we apply Lemma u.b\ as follows: 

f \v 2 (0\G(t,x,dO<f" ( \v 2 (0\G(t,x,dO 



3t 

< 2fV e -T(H)T SUP Kr) |oo, 



where V2(t) is extended by zero outside [0,t]. Denoting 



= sup h^u, y = Ve-« T o, 



and using that nir 2 /4 > 2 we get 



|« 2 (£)|G(M,d£)<CF. 



(2.13) 



9 + ( 



0.111 



i (*)!«, < | + |«o|oo + CY. As \v 2 (t,x)\ < Ci < CY, then using 



ro]) and we get for any uq € H m and any t > that the solution x) 
a.s. satisfies 



|u(*,ar)| <2|wo|oo+CS + 2 + Cy. 



(2.14) 



E:h*x 



Let us show that there are positive constants c and C, not depending on t 
and uq, such that 



E|u(i)|£, < C*e- c > |So + C for all t > 0. 



(2.15) E:h*xl 
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Indeed, since v\ is a solution of the free heat equation, then 
|«i(*)|oo < Ce- Clt |u |oo fori>0. 
imply that 



This relation, Lemma U.6 \ and 



9+Q 



M£)|G(i,x,d£) 



(2.16) 



< sup \vi(s)\ooG{t,x,Q, ti) + sup \vi(s) 

s>0 :2J g >± 



< |u |oo2 2 e" 



+ Ce-^ t \u \ oo <Ce- ct \u Q \ c 



(2.17) 



By Lemmas fa .41 and IET5 



3 



v 2 (OG(t,x,dO 



9+Q 



< c 



we arrive 



for amri> 0. Combining this with (^fojl . (|§Tl) . (|§T6l> and (|§?T7|l . 

Estimates (|IZ.14|) and ($2. Lb)) are used in the next section to get bounds for 
exponential moments of |ti|c»- 

2.2 Exponential moments of |w(t)|oo 

In this section, wc strengthen bounds on polynomial foments of the random 
variables sup sg j t t+1 ] ^(s)^, obtained in Theorem lb 21 to bounds on their ex- 
ponential moments. As a consequence we prove that integrals {u^^ds 
have linear growth as functions of T and derive exponential estimates jwhj c^h 
characterise this, growth. These estimates are crucially used in Sections yllKjto 
prove that eq. (|T72j) defines a mixing Markov process. 



Theorem 2.6. Under the assumptions of Theorem \[H.°A for any uq G H m , any 

t > and T > 1 the solution u(t, x) satisfies the following estimates: 

(i) There are constants c*(T) > and C(T) > 0, such that for any c G 
(0, c*(T)] we have 

Eexp(c sup |u(s)|^)<C(T)e X p(5c|u |^). (2.18) 

s£[t,t+T\ 

(ii) There are positive constants Ao,C and C2 such that 

Eexp(A f Hs^ds) < Cexp(c 1 \u \ 2 ca + c 2 t) 1 (2.19) 
Jo 

for each X < Xq, where c\ = Const ■ X. 



0.5 



0.4 



E:6** 



E : 6*** 
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Proof. Step 1 (proof of (i) ) . Due to (p2.l4p . to prove (pz.lsj) we have to estimate 
exponential moments of Y 2 . First let us show that for a suitable C 2 (T) > we 
have 

Eexp(c sup |«2(s)|D — 1 \ f° r an Y * > and c < 



s€[t,t+T] 



i-cC 2 (T) J " c 2 (ry 



| K:v4 

Indeed, using i\\Z.t)) , we get 



(2.20) 

Eexp(c sup |w 2 (s)ISo) =^2^ ! — -r < 2^ -j 

00 1 

since pi > {p/ef. Thus we get [|B.2U)l with C 2 := e(C(T)B^) 2 . In particular, 



E 1 6 * ^ * ^ 



Ee c ' c ? < (1 - c'C 2 (T)) 1 Vc' < c. (2.21) 
Next we note that since 



yy 



by Cauchy- Schwartz (we use that T > 1), then 



'Y 2 < F.TT.2c'C 2 5^d 



Ee c ' y2 lj[ e 2c ' 

as e 2 > 5. Denote pj = a2 J , j > 0. Choosing a € (1, 2) in a such a way that 
YjjLoQ/Pj) = 1' usm g the Holder inequality with these p 's and (|B Y 2ip . we find 



that 



JT 1 ]T 



3T 1 / 3T \ 

< II I 1 c 'C3(T)r^ = CX P "E^ ln (! - C ' C 3) < e c ' C4(T) , 
J=0 \ j=o J 

(2.22) 

if 2c'C 2 < c and d < (2C 3 (T))~ X . In view of (jj^rlf , this implies (|j?f§l . 

Step 2. Now we show that for any A > 1 there is a time T(A) such that for 
T > T(A) we have 

Ecxp(c(sup luWI^+AKT)!^)) <Cexp(6c| M0 | 2 o ) (2-23) 
v se[o,T] y 



E:61** 
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l ots 

for^iny c € (0, c], where C and c depend on A and T. Indeed, due to (|kl.iu|) and 

|w(T)|oo < 2 + Ce- cT \u \oo + CB + ^(rJU + M^U- 

By (ifrnll . (l§T7ll and (jfrfAfr . |/ii( T )|oo < f + CY + Ce- c ' T \u \ oo . Therefore 
choosing a suitable T = T(A) we achieve that 



cAHT)^ < c{dA + C 2 AY 2 + \uo\l) + 2cA\v 2 (T)\ 2 oc . 

IK - R 1 ** 

Using Holder's inequality we see that the cube of the l.h.s. of is bounded 

by 

C(A)e 3c '"°'°°Ee 3cC ' 2j41 ' 2 Ee 6cj4 ''" 2 ^' r ^= o Ee 3csuPse i°' T i 

| Y |F.-fi**** |F.-fi** 

Taking c < c(A) and using (|E?.22[) . (jb.^u|) and (|b.l»|) we estimate the product by 
C(A,T)e 3c l"°l~ e 15c l"°l~. This implies fljffgr 



S'tep 3 (proof of (ii)). Let T > 1 b ^such that (||2.23|> holds with A = 6. Let 
c > and C > be the constants in (fc.Tsp . corresponding to T = To, and let 
cjT . It suffices to prove (|b~19l) for i = T /c, fc G N, since this result implies 
.lap with any t > if we modify the constant C. By the Markov property, 

T k . , /-To(fc-l) 



X x := E„ cxp (A j |u(s)|^ds) = E Uo (cxp(A J |u(s)|^ds) 

xE„ ( T (fe-i))exp(A / |w(s)|^ds) 
Jo 

and by (jHtf 

Eu(T (fc-i)) exp (A / °|u(*)l»d») < Cexp (5AT | M (T (fc - 1))|^) . 



Combining these two relations we get 

/.To(fc-l) 

< CE„ exp (A / Hs^ds + 6T \u(T (k - 



I F. - fil ** 

Applying again the Markov property and using (fz:Z'6\) with A = 6 and c = AT 
we obtain 



X A <CE Uo (exp(A / |«(«)|2od«) 



T (fc-2) 



x E u((To(fc _ 2)) exp(AT ( sup |u(s)|^ + 6|m(T )|^)) 

0<s<T o 
r T (k-2) 

< C 2 E U0 exp (A / |«(«)|2oda + 6AT |«(T (fc - 2))& 
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Iteration gives 

r T (fe-m) 



X x < C m E U0 exp (A / Hs^ds + 6XT Q \u{T (k - m))|^) , 



I K -ft*** 

for any m < k. When m = k, this relation proves (||ZTre| with t = kT ,C = 
1, Ci = 6ATo and a suitable C2. □ 

In the lemma below by c\,C2 and Ao we denote the constants from Theo- 
rem [ZToJii). 

Lemma 2.7. For any uq € if" 1 i/ie solution u(t,x) satisfies the following esti- 
mate for any p > 



»{sup ( ( Hs^ds - Kt] >p}< C"exp(ci|«|L - Ap), 

i>0 V-'O / 



(2.24) 



where C" is an absolute constant, K = A x (c2 + 1) and X is a suitable constant 
from (0, A ]. 

Proof. For any real number t denote \t \ = min{n G Z : n > i}. Then 

{{J \u\lds-Kt) >p] c{(^ [tl |t*j2ods- AT*1) >P~k}. 



So it suffices to prove (p.^4|) for integer t since then the required inequality 
follows with a modified constant C" . Accordingly below we replace sup t>0 by 
sup ngN . By the Chebyshev inequality and estimate (J2."i!j|> we have 

P{ sup (jf Hs^ds - Kr?j > p] < P{ J o Hs)Ld S >p + Kn} 

< ^cxp(-A( / 9 + i : s:n))Cexp(ci|wo|^ C; + c 2 

< C exp(-Ap + ci|w |^) ^exp(-n) 
= C exp(ci|M |L - V) 

IF. ■ 3a 

since \K - c 2 = 1. This proves (E?Zl]) . □ 



3 Markov Process in Co (if). 

The goal of, this section is to construct a family of Markov processes, associated 
with eq. (pi.2|) in the space Co (if). To this end we first prove a well-posedness 
result in that space. 
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3.1 Existence and uniqueness of solutions 

Let u £ C {K). Denote by U m : H^C m the usual Galerkin projections and 
|C m Let uff 



set rf 1 := U m n =: §-( m . Let u™ £ C°° be such that \u™ - _u |oo->0 as m^oo 



and |w™|oo < l^oloo + 1- Let it™ be a solution of fO|) , (|T3| with 77 = 77"' and 
uo = m™, existing by Theorem 

FixanyT>0. Forp> l,ae (0, 1) and a Banach space X, let W a ' p ([0, T],X) 
be the space of all u £ L p ([0, T], X) such that 

II IIP II IIP f T f T \\ U (t) ~ U ( T )\\x J 

IMIw«.*([0 1 T],X) := \\ U Wwp([0,T],X) + J J o |^ _ r |l+ap drd * < 00 ' 

Let us define the spaces 

U := L 2 ([0,T],iT 1 ) n ^^([O.TJ.J?"- 1 ), 
V := L 2 ([0,T], H 1 ' 5 ) n C([0,T], H~ 2 ), 

where a £ (j, |) and e S (0, ^) are fixed. Then 

space U is compactly embedded into V. (3-1) comp 



Indeed, by Theorem 5.2 in p559] . U <g L 2 ([0, T], i? 1 ^ 6 ). On the other hand, 
W a ' 4 ([0,T],fl'- 1 ) C C a -3([0,T],.H'- 1 ) and ff- 1 <g i^ 2 . 

Lemma 3.1. For m > 1 let M m be the law of the solution {»"}, constructed 
above. Then 

(i) The sequence {M m } is tight in V. 

(ii) Any limiting measure M of M m is the law of weak solution u(t), < 

tj^-T, of JElP |p tlv.-'ly. XTiis solution satisfies 1}) for {) <t <T — 1 and 
tin® . fQgp . jj^j T forO<t<T. 

(Hi) If 1 < i < T — 1, t/ien /or any < < 1 and any q > 1 we have 

E||w|([ M+ l]xK) <C(g,fl,|uo|oo). (3-2) I 3.33 

Proof. The process u m satisfies the following equation with probability 1 

u ro (t)=< + / (An m -i|n m | 2 u m )ds + C m V rm + C m - 
Jo 

IF.:fi IF.: 31 

Using (prfj) and (fOjr . we get 

nV m f w ^,n H -^ < C (3.3) 
It is well known that for any p > 1 and a £ (0, i), we have 

nC m \\w^[o,T],H) < O (3.4) [¥7ii7 
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(e.g., see |KS12j . Section 5.2.1). Combining fOjT and (p^ffTwe get 

IE||u m ||^ Q ,4([ 0iT ] iff -i) < CE||y m ||^ / i,2([ 0: r],ff-i) + CE|IC r ™llw°- 4 ([o,T],H) ^ C- 



Jointly with (|k!.2p this estimate implies that E||w m ||^ < C\ for each m with a 
suitable Ci . Now (i) holds by if) and the Prokhorov theorem. 

Let us prove (ii). Suppose that M rn converges weakly to M in V. By 
Skorohod's embedding theorem, there is a probability space (£l,J r ,¥), and V- 
valued random variables u m and u defined on it such that each u m is distributed 
as M m , u is distributed as M and P-a.s. we have u m — >u in V. 

Since V C L 2 {[0, T] x K) =: L 2 , then u m ->• u in L 2 , a.s. For any i? € (0, oo] 
and p,q £ [1, oo) consider the functional 

/M = |H*AiJ| il>([tit+1]xJf) <H2 



I oo ' 



Since for p, R < oo it is continuous in L 2 , then by (|k!.ip we have E(/^(m)) < 
C q for p, i? < oo. As for each v(t, x) <E L°°([t,t + 1] x A') the function 
[l,oo] 3p4 |w|iP([t ) t+i]xif) € [0, oo] is continuous and non-decreasing, then 
sending p and R to oo and using the monotone convergence theorem, we get 
EsuPsg fat^ j |m(s)|£o — I- c -i " satisfies (jETl) . 
By for each m and iV we have 



t 

2 j_ / ii..mi|2 



E||njv{i m (t)f + 2E / ||nAm m (T)||fdT < || Uo ™f + B t. 
Jo 

Passing to the limit as m— >oo and then N— s-op, .and using the monotone con- 
vergence theorem, we obtain that u satisfies ilL'.2p. where the equality sign is 
replace by < . We will call this estimate (pz.z|i<^ fl1 1 

3y the same reason (cf. Lemma 1.2.17 in |KS12j ) the process u(t) satisfies 
T% and (|Q§j) . 
Since u rn is a weak solution of the equation, then 

u m (t)-utf- / (Aw m -i|u m | 2 u m )ds = C m , (3.5) 



whereC" is distributed as the process (. Using the Cauchy-Schwarz inequality 
and (KB , we get 



E / |||u m | 2 it m — |u| 2 {t||ds < CE / ||(u 
Jo Jo 



<CE sup (\u m (t)\l + \u(t)\l) ' 
te[o,T] 



< CvT E sup (KWH + RtO 
V te[o,T] 



<C(T> |oo) ( ./'*' u ; M 
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Since the r.h.s. goes to zero when m — > oo, then for a suitable subsequence 
mfc— >oo we have a.s. 



|2 -mi 



ds- 



C([0,T],L 2 



— >0 as fc— k 



Therefore the l.h.s. of (|fH)[) converges to — u — Jq (Au — i\u\ 2 u)ds) in the 
space C([0, T], H~ 2 ) over the sequence {rrik}, a.s. So a.s. there exists a limit 
lim = £(.), and 



u(t)-tto- / (Au - i\u\ 2 u)ds = C(t). 
Jo 



(3.6) 



-i|{t| 2 M, Vq 



and U3 
c parabolic regularity 
theuii£l£([0,r]) 




We immediately get that £(t) is a Wiener process in H~ 2 , distributed as the 
process C- Let Ft, t > 0, be a sigma-algebxa, generated by {w(s),0 < s < t} 
and the zero-sets of the measure P. From (p . b|) . is ^-measurable. So 
is a Wiener process on the filtered probability space (f2, J 7 , {.Ft}, P), distributed 
as C- 

since u(t, x) satisfies (pa.bp . we can write u = u\ + U2 + U3, where u\ satisfies 
■ olf with. T = 0, vq — uq; U2 satisfies (pz.al) wjtbT 
satisfies (|b.h|) with T = = 0. Now Lcmma lki.4l a: 
imply that u € C([0,T}; Co(K)), a.s. As u satisfies 
a.s. Since clearly u(0) = uq a.s., then u is a weak solution 

Regarding u(t) as an Ito process in the s p^ce H , using (|lz.ip and applying to 
||ft(t)|| 2 the Ito formula in the form, given in ve see that ||M(t)|| 2 satisfies 

the relation, given by the displayed formula above |z72jr. Taking the expectation 
we recover for u the equality (lb .21) . 

P-33 [T : 7* 

It remains to prove (iii). Functions ui and M3 meet (pa .2)1 by Lemma lb. 4l and 
the parabolic regularity. Consider v,2- Since it 2 = u — u\ — W3, then 1*2 satisfies 
(jb.l|) . Consider restriction of M2 to the cylinder [£ — 1, t + 1] x K. Since M2 
satisfies the heat equation, where the r.h.s. and the Cauchy data at (t — 1) X K 
are bounded functions, then, by the parabolic regularity restriction of u% to 
[t, t + 1] x K also meets (p.'i\ . □ 

The pathwise uniqueness property holds for the constructed solutions: 

Lemma 3.2. Let u(t) and v(t), t G [0,T], be processes in the space Cq(K), 
defined on the same probability space, and let^ C(t) be a Wiener process, defined 
on the same space and distributed as C in JH .d\) . r Assume that a.s. trajectories 
of u and v belong to H([0,T])and satisfy &l . -i;. <l/.-/|;. Then u(t) = v(t) a.s. 

Proof. For any R > let us introduce the stopping time 

t r = inf{t G [0,T] : ^(OU V > R}, 



and consider the stopped solutions uu(t) := u(t A tr) and VR(t) 
Then w := ur — vr satisfies 

w — Aw + i(\un\ 2 UR — \vr\ 2 vr) = 0, w(0) = 0. 



(3.7) 

v(t A t r ). 



300 



E:st 
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Taking the scalar product in H of this equation with w and applying the Gron- 
wall inequality, we get that w(t) = 0. Since u,v £ H([0,T]), then tr — > T, a.s. 
Therefore ur-^u and vr— >v a.s. as R— >oo. This completes the proof. □ 

By the Yamada-Watanabe arguments (e.g., see |kS91] ). existence of a weak 
solution plus pathwise uniqueness implies the existence of a unique strong solu- 
tion u(t), < t < T. Since T is any positive number, we get 

IK: 1 

Theorem 3.3. Let u £ C (K). Then problem RnW . 
solution it(i), t > 0. This solutions satisfies relations 
); for t > 1 it also satisfies 

3.2 Markov process 

I F. ■ 1 

Let us denote by u(t) = u[t,Uo) the unique solution solution of ifi.'Z]) . corre- 
sponding to an initial condition u £ Cq(K). Equation (pi.^p defines a family of 
Markov process in the space Cq{K) parametrized by u . For any u £ Co(K) 
and T £ B(Co(K)), we set P t (u,T) = F{u(t,u) £ T}. The Markov operators 
corresponding to the process u(t) have the form 




¥tf(u)= p t (u,dv)f(v), <p t V(r)=/ p t ( u ,r)/i(du), 

JCo(K) JCo(K) 

where / £ C b (C (K)) and fx £ V(C Q (K)). 

I K: 1 

Lemma 3.4. The Markov process associated with \\1 . ty) is Feller. 

Proof. We need to prove that %f £ C b {C (K)) for any / £ C b (C (K)) and 
t > 0. To this end, let us .take any uq,vq £ Co(/Oj„and let u and v be the 
corresponding solutions of |o| given by Theorem lb. S\ Let us take any R > 
Ro := |«o|oo V |wo|oo- Let tr be the stopping time defined by (|b.i|) . and let 
Unit) := u(t A tr) and VR(t) := v(t A tr) be the stopped solutions. Then 

|qj t /(uo) - %f(v )\ < E|/(u) - f(u R )\+E\f(v) - f(v R )\ 
+ E\f(u R )-f(v R )\ =:h+I 2 +h. 

By and the Chcbyshev inequality, we have 

max{/i,/ 2 } < 21/looPjt > tr} < 2\f\ oa ¥{U(t) V V(t) > R} 
<||/|oo sup EU{t)^0 as R-^oo, 

«o|oo<-Ro 

where U{t) = sup s6 [ 0t ] |m(s)|oo and V(t) is defined similarly. To estimate 73, 
notice that w = ur — vr is a solution of 

w - Aw + i(\u R \ 2 u R - \v r \ 2 vr) = 0, w(0) =uo — v =■ w a . 



We rewrite this in the Duhamel form 

w = e tA w - i f e^ A (\u R \ 2 UR - \vr\ 2 vr)<1 S . 
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Since, by the maximum principle, |e* A z|oo < \z\oo, then 



T:BK 



\w\oo < |w |oo + / \\u\ 2 u - \v\ 2 v\oods < \wq\oo + 3 / + H^JHoods. 

Jo Jo 



By the Gronwall inequality, I3 < Elu^ < |u>o|ooe* Cfi — >0 as |tuo| 
fore the function ^p t /(u) is continuous in it € Cq(K), as stated. 



►0. There- 
□ 



A measure fi € V{Cq{K )) is said to be stationary for eq. (|1.2|) if 93£/x = /it for 
every i > 0. The following theorem is proved j^^he standard way by applying 
the Bogolyubov-Krylov argument (e.g. see in l [KS12j ). 

I F.: 1 

Theorem 3.5. Equation Ml . ty) has at least one stationary measure [i, satisfying 
f Hl \\u\\fn(du) = t}Bq and /^(if) e c ' u '=° fi(du) < 00 for any c < c*, where c* > 
is the constant in assertion (i) of Theorem^ 



S:h 



L:gn 



L:(a) 



L:(b) 



3.3 Estimates for some hitting times 

For Jury d, L, R > we introduce the following hitting times for a solution u(t) 
of (jo}: 

n >d , L := inf{i > : ||u(t)|| < d, Ki)U < L}, 
T 2 , R :=M{t>0:\u(t)\ oo <R}. 

Lemma 3.6. There is a constant L > such that for any d > we have 

j£ e 7Ti,d,£ < C(1 + | u ( )|^), (3.8) 
where 7 and C are suitable positive constants, depending on d and L. 

I F. ■ ■hail? 

It is well known tha j^ingqu ality (|b.s|) tollows t h^^rom two statements below 
(see Proposition 2.3 in jSmTI4| or Section 3.3.2 in pH12j ). 



Lemma 3.7. There are positive constants S,R and C such that 

Ee^-*<C(1 + K0)|^). 



(3.9) 



Lemma 3.8. For any R > and d > there is a non-random time T > and 
positive constants p and L such that 

F{u(T,u ) G B H {d) n B Co(K) {L)} > p for any u G B Co[K) (R). 

Proof of Lemma |fe vf Let us consider the function F(u) = maxflul^,, 1). We 
claim that this is a Lyapunov function for eq. (|li.2D . That is, 

EF(u(T,u)) < aF(u) for \u\oo > R', (3.10) 

for suitable a G (0, 1), T > and R' > 0. Indeed, let \u\oo > R' and T > 1. 
Since < 1 + M^, then 



E:tau2 



E : taur2 



E:L11 



EF{u{T,u)) < 1+EK2»|^ < l + Ce- cT |M|^ 



C, 
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where we used (p. lap . This implies 1U)) . Since dye to for |it|oo < R' and 

any T > 1 we have EF(u(T, m)) < C" then (p.ijj) tgj ^jws by a standard argument 
with Lyapunov function (e.g., see Section 3.1 in |ShiU8| ). □ 
jr.: (bj 

Proof of Lemjnq^ffQ Step 1. Let us write u(i) = v(i) + z(i), where z is a 
solution of (pz.Sjl with «o = 0, i.e., 



E:ll 



2 = 

Then 

u- Aw + i|w + z| 2 (« + z) = 0, u(0)=it . (3.11) 
Clearly for any S £ (0, 1] and T > we have 

P^5>0, where tl$ = { sup |z(t)|oo < S}. 

0<t<T 

IF. : 11 

Step 2. Due to (pTTT)) , 

v- Av + i\v\ 2 v = L 3 , (t,x)£Q T = [0,T]xK, (3.12) Qo] 

where L3 is a cubic polynomial in v, v, z, z such thatevery its monomial contains 
z or z. Consider the function r = \v(t, x)\. Due to (|E712[) , for uj £ Q$ and outside 
the zero-set X = {r = 0} C Qt the function r satisfies the parabolic inequality 

f - Ar < C5{r 2 + 1), r(0, a;) = \v(0, x)\ < R + 1. (3.13) QF] 

Define r = inf{f e [0,T] : ^(t)^ > + ,2l, w here r = T if the set is empty. 
Then r > and for < t < r the r.h.s. in dESj) is < C<5((i?+2) 2 + l) = 8d(R). 
Now consider the function 

r(t,x) = r- {R+ 1) -t6d(R). 

Then f < for t = and for (t, x) £ d{Q T \K). Due to dftg]) and the definition 
of r, for (t, x) £ Q T \ X this function satisfies 

f - Af < C5{r 2 + 1) - 6d(R) < 0. 

Applying the maximum principle |Lan97j . we sec that r < in Q T \ K. So for 
t < t we have r(t, x) < (R+l)+t8d(R). Choose 5 so small that TSd(R) < 1. 
Then r(t, x) < i? + 2 for i < r. So r = T and we have proved that 

K*)U = |r(*)U <-R + 2 V0<t<T if <y<5(T,JJ), oj£Q s . (3.14) QT] 

iSiep 3. It remains to estimate ||i;(t)||. To do this we first define vi(t,x) as a 
solution of eq. with 77 = and ui(0) = uq. Then 

||«i(t)||<c- ail ||uo||. M*)|oo < Moo < R, (3.15) QJJ 
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since outside its zero-set the function |t>i ( fag) | satisfies a parabolic inequality 

with the maximum principle (namely, eq. with 5 = 0). 

Step 4- Now we estimate w = v—v±. This function solves the following equation: 

w - Aw + i(\v + z\ 2 (v + z) - |t>i| 2 ui) = 0, w(0) = 0. 

Denoting X = w+z (so that v+z = X+vi), we sec that the term in the brackets 
is a cubic polynomial P3 of the variables X, X,v± and tJi, such that every its 
monomial contains X or X. Taking the i7-scalar product of the w-equation 
with w we get that 

^IHI 2 + l|Vw|| 2 = -(ift,w), w(0) = 0. 

By (fena . for uj e fl s the r.h.s. is bounded by C'(R,T){8 2 + \\w\\ 2 + j|w|| 4 ). 
Therefore 

\\w(T)\\ 2 < e ™"(R,T) 6 2 (316) 
everywhere in fls, if 5 is small. 

Step 5. Since u = w + vi + z, then by (jri5l) . fell and (fenB . for every 5, T > 
and for each u £ llj we have 

||u(T)|| < 6 + e-^ T R + e c "^ T S =: k. 

Since u = v + z, then ^(T)^ < 5 + R + 2. Choosing first T > T(R, d) and next 
6 < S(R, d, T) we achieve k < d. This proves the lemma with L = R + 3. □ 



4 Ergodicity 

In this section, we analyse behaviour of the process u(t) wit h^ejspe ct to the 
norms \\u\\ and |u|oo and next use an abstract theorem from l [KSl2| to prove 
that the process is mixing. 



4.1 Uniqueness of stationary measure and mixing 

First we recall the abstract theorem from |S.Sl2j in the context of the CGL 
equation (pi.^p . Let us, as before, denote by P t (u,T) and ^ the transition 
function and the family of Markov operators, associated with equation (pi.^p in 
the space of Borel measures in Cq{K). Let u(t) be a trajectory of (pi.^p . starting 
from a point u £ Co(K). Let u'(t) be an independent copy of the process u(t), 
starting from another point it', and defined on a probability space ft' which is a 
copy of ft. For a closed subset B C Co(K) we set B = B x B C Co (A') x Cq(K) 
and define the hitting time 



t(B) := inf{t > : u(t) e B, u'{t) e B}, (4.1) [ITo" 

1 variable on f] ^ ft'. 
consequence of Theorem 3.1.3 in pCS12j . 



which is a random variable on f] ^ ft' . The following result is an immediate 

n|r 
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T:hs Proposition 4.1. Let us assume that for any integer m > 1 there is a closed 
subset B m C Cq(K) and constants 6 m > 0, T m > such that S m — >0 as m— too, 
and i/ie following two properties hold: 

(i) (recurrence) For any u,u' £ Cq(K), r(B m ) < oo almost surely. 

(ii) (stability) For any u,u' € B m 

Sup ||P t (u, •) - P t (u', -WctCotK)) < <*m- (4.2) |4.00 

t>T m 

I F. ■ 1 JT : RK 

Then the stationary measure [i of eg. QLL.2|) . constructed in Theorem \\,y. dl is 
unique and for any A € V(Cq(K)) we have ^A —^fj,as t— >oo. 

I F. -I 

We will derive from this that the Markov process, defined by eq. in 
Co (A"), is mixing: 

T:mix Theorem 4.2. There is an integer N = N(B*) > 1 such that if b^^ for 
\ s \ < N , then there is a unique stationary measure [i £ V{Cq(K)) for Hil.ty) . and 
for any measure A £ V (Cq(K)) we have A — 1 /i as t— >oo. 

The theorem is proved in the next section. Now we derive from it a corollary: 

C:43 Corollary 4.3. Letf(u) be a continuous functional on Cq(K) such that \f{u)\ < 
C/e c M°° f or rp]\ G Cq(K), where c < c* (c* > is the constant in assertion (i) 
of Theorem K.b)) . Then for any solution u(t) of fli I such that u(0) G Cq(K) is 
non-random, we have 

Ef(u(t))-t((j,,f) as t^oo. 

Proof. For any N > 1 consider a smooth function (^(f)) < ifN < 1, such that 
(fN = 1 for |r| < A and = for |r| >JVH-1. Denote /iv(w) = <^iv'(|it| 00 )/(u). 
Then /jy G Cb(C (A)), so by Theorem! i.'z\ we have 

|EM«(t))-(M,/iv)| <«(#,*), 
re ft — > as i — > oo, for any A. Denote v t {dr) = P(|u(t)| oc ), t > 0. Due to 



|E(/jv(«W) - /(u(t))| < C/ / (1 - ip N (r))e cr u\dr) 

Jo 



(note, that the r.h.s. goes to when A grows to infinity). Similar, using Theo- 
rem lb. t>l we find that | (/i, /jv) — (fi, f) \ — > as A — > oo. The established relations 
imply the claimed convergence. □ 
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4.2 Proof of Theorem 



IT: mix 

EST 



s42 

I 1 I K' I 

It remains to check that eq. (jO|) satisfies properties (i) and (ii) in Proposi- 
tion [ttTTffor suitable sets B m . For m <E N and L > we define 

5 m . L := {u G Co (IT) : ||ul| < -, |u|«, < L} 

m 

(these are closed subsets of G'o(K)). For wo,w G B m ,L consider solutions 

u = u(t, uo), u' = u(t,u' ), 

defined on two independent copies f2, f2' of the probability space f2, and consider 
the first hitting time T(B m x) of the set B m x by the pair (u(t),u'(t)) (this is 
a random variable on f2 x Q', sec p.l)) ). The proof of the following lemma is 
identical to that of Lemma lb. 61 

L:gnl* Lemma 4.4. There is a constant L' > such that for any m G N we have 

Ee 7T(B m , L ,) < c(1 + + i^j^j /or ^ WQ;M / g Co(ir)j 

where 7 and C are suitable positive constants. 

Let us choose L = L' in the definition of the sets _B m .L in Proposition lE.lf 
Then the property (i) holds and it remains to establish (ii), where Pt(uo, •) = 
T>(u(t)) and Pt(u' , •) = T>(u'(t)). From now on we assume that the solutions u 
and u' are defined on the same probability space. It turns out that it suffices 
to prove (|E.^|) with the norm j| ■ \\c(c {K)) replaced by || • H^m. To show this 
we first estimate the distance between T>(u(t)) and T>(u'(t)) in the Kantorovich 
metrics 

\\V(u(t)) - V(u'{t))\\ K(H) = sup{\(f,V(u(t))) - (f,V(u'(t)))\ : Lip(/) < 1} 
in terms of 

d=\\V{u{t))-V(u'{t))\\l (H) , 

where t > is any fixed number. Without loss of generality, we can assume 
that the supremum in the definition of the Kanto rovich distance is taken over 
/ G C(H) such that Lip(/) < I and /(0) = 0. By (gffjj r, 

E ( e c||«(t)ll +e c||t l '(t)||j < Cl (4 3) 



Setting fn(u) = min{/(u), R} and using (pOj) , the Cauchy-Schwarz and Cheby- 
shev inequalities, we get 

El/M*)) - fn(u(t))\ < E(\\u(t)\\ - R)I\\ um > R < C' L e-% R . 
A similar inequality holds for u'(t). Since < R+l, then 

E|/(«(t)) - /(«'(*))! < 2C' L e-% R + (R+ l)d. 
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Optimising this relation in R, we find that E\f(u(t)) - f(u'(t))\ < C'lVd. Thus 
\\V(u(tj) -V(u'(t))\\ K{H) < C'lVd, 



By (jEraf r. the functions u(t) and u'(t) belong to C 9 (K) for any 6 € (0,1). 
The following interpolation inequality is proved at the end of this section. 

| LI | Lemma 4.5. For any u <G C e (K) we have 

I4» < ^NI^M^*- (4.4) [71] 

By the celebrated Kantorovich theorem (e.g. see in |jJud89j ). we can find 
random variables £ and £' such that 2?(£) = T>(u(t)), £>(£') = D(u'(t)) and 

E||£ - e'll = ||2?(u(t)) - P( U '(t))|k (H) < C'lVd. 

Jv 4 R 33 

Using (|KL.4j) . this estimate and the Holder inequality, we find that 

E|£-£'U <CTE||£- C'll^lC -£'|£f" < (CiVdJ^Cf 5 ** = C L d^. 
Therefore, for any / such that ||/||£(c (-R")) — 1 we have 

|(/, ©(«(*))) - (/,2?(u'(t)))| = |E/(0 - /(Ol < E|i - C'loo < Clo^, 
which implies that 

\\V(u(t))-V(u'(t)W c{Co{K)) < C L (\\V(u(t)) -V{u'(t))\\c(B))^ ■ ( 4 ' 5 ) 
Thus we have proved 
Lemma 4.6. Assume that 

sup ||P t (uo, •) - P t (u' , -)\\% H) < 6 m (4.6) [4T] 

t>T m 



/or aZ/ uo,u' £ -B m ,L; where 5 m — > 0. TTien (|k.^|) ftoids /or P m = B m ^ with 

e 

S m = Ch&m ■ 

I T: mi x 1 4 1 

So to prove Theorem la. 'I I it remains to verify (|KL.t>|) . 

J4 . 1 J 4 1 

Proo/ o/ P?q ). In view of the triangle inequality we may assume that in ([ft.bp 

5iep 1. In this step we prove that it suffices to establish, (fi.bl) for solutions 
of an equation, obtained by truncating the nonlincarity in . For any p > 
and any continuous process {z(i) : t > 0} with range in Co (A") we define the 
stopping time 

r z =M{t>0:f \z(T)\i,dT-Kt>p}, 
Jo 
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where K is the constant in Lemma u. i\ (as usual, inf = oo). We set fl* = 
{t z < 00} and n z = P(Op. Then 

ir u < Ce-~< p , ir u ' < Ce7 lp (4.7) [*T] 

for suitable C, 7 > and for any p > 0. Consider the following auxiliary 
equation: 

V- Av + i\v\ 2 v + \P N (v-u) =T)(t,x), v(0) = 0. (4.8) I E:yl 

Consider t v and define J7p and ir v as above. Define the stopping time 

T = mm{T u ,T u ' ,t v }<oo, 

and define the continuous processes u(t), u'(t) and v(t) as follows: for t < t they 
coincide with the processes u, v! and v respectively, while for t > r they satisfy 
the heat equation 

i — Az = 77. 

1*1 

Due to 

||2?(«(t)) - V(u(t))\\* c + \\V(u'(t)) - V{u'{t))\\* c < 4P{r < 00} < 8Ce^ p + Air v . 

(4.9) | 100 

So to estimate the distance between V(u(t)) and V{u'{t)) it suffices to estimate 
71"" and the distance between T>(u(t)) and T>(u'(t)). 

Step 2. jgLet us first, estimate the distance between V(u(t)) and V{v{t)). 
Equations (JO} and (|Kt.b|) imply that for i < r the difference w = v — u satisfies 

u> — Au> + i(|w| 2 -C — H 2 u) + XPnw = 0, w(0) = —uq, 

where | (l-Dp-D — \ii\ 2 u, w)\ < CQu^ + H 2 ^)!! w\\ 2 . Taking the if-scalar product 
of the w-equation with 2w, we get that 

^|| W || 2 + 2!|V W !| 2 + 2A||P NW j| 2 <C(H 2 + IH 2 oo)IIH| 2 , t<r. (4.10) [i^ 
Since ||Vu>|| 2 > ctjv || Q Afif| | 2 , where Qn = id —Pn, then 

2|jVw|| 2 + 2A||Pjvw|| 2 > 2Ai||w|| 2 , A x := miri{a N ,X}. 

I F.: axe 

Choosing A and N so large that Ai — CK > 1 and applying to (|Kt.lU|) the 
Gronwall inequality, we obtain that 

|H| 2 < ho|| 2 cxp (-2Ait + C j Q (\*€o + \v\l)ds 

< — ^ cxp (-2(Ai - CK)t + 2Cp) < exp (-2t + 2Cp) , 
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for t < t. Clearly for t > r we have (d/dt)\\w\\ 2 < -2||w|| 2 . Therefore 

jlwjl 2 < exp (-2i + 2Cp) Vi>0 a.s. (4.11) |E:pk 

771 I 1 

So for any / G -C(if) such that < 1 we get 

|E(/(fi(t)) - /(«(*)))! < (E||u,|| 2 )^ < -e c ^ =: d(m,p,t). 

m 

Thus 

\\V(u(t))-V(v(t)Wc (H )<d(rn,p,t). (4.12) 

S'fep 5. To estimate the distance between T>(v(t)) and T>(u'(t)) notice that, 
without loss of generality, we can assume that the underlying probability space 
(f2, J 7 , P) is of the particular form: fi is the space #f functions u <G C(R+, Cq(K)) 
that vanish at t = 0, P is the law of ( defined by (|IO|) . and T is the completion of 
the Borel cr-algebra of f2 with respect to P. For any cj. G fi, define the mapping 
$ : ft^ft by 

$(w) t = w t - A / x s < t -Ptv(w(s) - u(s))ds. 
Jo 

Clearly, a.s. we have 

fi / *(")(t) = v u (t) foralU>0. (4.13) [e2 

Note that the transformation $ is finite dimensional: it changes only the first 
N components of a trajectory ui t - Due to (pOl|) , almost surely 

\\PNw(s)\\ 2 ds<^e 2C ». 

This relation, th^Jrvpothesis that b s ^ for any \s\ < N, and the argument in 
Section 3.3.3 of IRS12] , based on the Girsanov theorem, show that 

||$oP-P|L ar < =:d(m,p). (4.14) pil 
m ' 1 

I F,? 

Using (|[4.ia|) . we get T)(v(t)) = it ° P = o ($ o P), where #t stands for the 
random variable w— >v u (t). Therefore, 

\\V(v(t)) - V{u\t))\\l (H) < 2\\V(v(t)) - V(u'(t))\\ var 

< 2||$oP-P||„ ar < 2d(m,p). (4.15) [*? 

| 4. 1 1 *1 J*3 

5tep ^. Now let us prove (|H~o|) . We get from (jfl~7f and (|Q4p that 

tt" = PQ£ = P^" 1 ^™) = ($oP)f2* < PQ* + d(m,p) < Ce~ w + d(m, p). 
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h on j*fi j*4 
Due to (|P2j) , (|Q5p and the last inequality we have 

||X>(u(<)) < 12Ce~ w + rf(7«,p,i) + 6J(TO,p) 

< 12Ce- 7 " + — e cp - f + — C(p) =: D m (t). 

TO TO 

Let us choose p = p(m), where p(m) — > oo in such a way that — C(p(m)) — > 0, 
and next take T m = Cp(m). Then for t > T m we have D m (t) < <5 TO — > 0. This 
completes the proof. □ 



Proof of Lemma ^5\ Let us take any u G C ,u ^ and set M := |u|oo, U := 
Take any € if such that |u(x*)| = M. To simplify the notation, we 
suppose that x* = 0. Regarding u as an odd periodic function on R™ we have 

\u(x)\>M-\x\ e U Vx. 

l /0 

The l.h.s of this inequality vanishes at \x\ = (M/U) = : < 1. Integrating 
the squared relation we get 

\\u\\ 2 >C f ' (M -r e U) 2 r n - x Ar 
Jo 

= CU 2 f (rf r"" 1 - 2ry i+0 - 1 + r^-^dr 
Jo 

= CU 2 r^ 2e (- - — n + - J— ) = [7 2 r?+ 28 C(n, 0) > 0. 
n n + n + 2# 



Replacing in this inequality by its value we get (p4.4)l . □ 



5 Some generalisations 

1) Our proof, as well as that of |Kuk99] . applies practically without any change 
to equations (jlT.ip . where v > and a > 0. Indeed, scaling the time and u 
we achieve v = 1 (the random force scales to another force of the same type). 
Now consider equation |LT|) with i/ = 1 an da> |X and write the equation for 
£(r(t, x)). The integrand in the r.h.s. of eq, feap gets the extra term — £'(r)ar 2 . 
Accordingly, the r.h.s. part g(t, x) of cq. (fz.tii gets the non-positive term — ar 2 . 
Since the p roof in Section |Ef o nh^ uses that g < ^ ^2 b 2 \<-Ps\ 2 , it docs noi ghange. 
In Sections |h|KJ as well as in |KTik99 , we only use results of Section |Ef and the 
fact that the nonlinearity in the equation, as well as its derivatives up to order 
to, admit polynomial bounds. For the argument in Section HyTt is important 
that the nonlinearity's derivative grows no faster than C|u| 2 . 

2) The proof of Theorem \U.2\ given in |^ik99j . applies with minimal changes if 
the Sobolev space H m {K) with to > n/2 (a Hilbert algebra) is replaced by the 
Sobolev space W 1,P (K) with p > n (a Banach algebra). It implies the assertions 
of the theorem with the norm || • || m replaced by th^ jiorm | • under the 
condition that B\ < oo. The argument in Sections remains true in this 
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JSj3 

setup since it does not use the ff m -norm. So to establish results of Section y] 
one can use the M /1,p -solutions instead of //""-solutions. 

3) Similar to 1) results of Sections \U . Hia . l\ remain true for eq. (|IT.8[) . 

IF.: 1 

4) Consider equation in a smooth bounded domain O C W 1 with Dirichlet 
boundary conditions: 

u\ do =0. (5.1) 
Denote by {<Pj,j > 1} the eigenbasis of —A, 

-A<pj = Xjifj, j ; 1 

and define the random field C(t, x ) as in Section [I] i.e. £ = z2j bjPj(t)fj(x). 
Denote 



The W /1,p -argument as in 2) applies to eq. (pi. 2)1 . (|b.l)) and proves an analogy 
of Theorem lb :i\ with the || • || m -norm replaced by the | • |iyi lP -norm, under the 
assumption that B tl B\ < oQ g Q The o nly difference is that no w^l^e as sertion of 
Lejnm^l|Z .41 foll ows not from |Kuk99 , but from the result of |KNP03j (also see 

After that the proof goes without any changes compared to Sections [lljlklj and 
establishes for equation (|b.l|) analogies of the main results of this work 

(with the space C Q {K) replaced by C (O) and H 1 by H%(0)): 

T:final Theorem 5.1. Assume that < E (?Q- TAen 

i) for any uq £ Cq(0) problem tl.ty) , ib 1}) has a unique strong solution 
u such that u £ H(0, oo) a.s. This solution defines in the space Cq(Q) a Fellerian 
Markov process. 

ii) This process is mixing. 



The first assertion remains true if in eq. (pi.^p we replace the nonlincarity 
by ig r (\u\ 2 )u, < r < oo. If r < 1, then the second assertion is also true. It 
is unknown if the systems, corresponding to equations with r > 1, are mixing 
(this is a well known difficulty: it is unknown how to prove mixing for SPDEs 
without non-linear dissipation and with a conservative nonlinearity which grows 
at infinity faster that in the cubic way). 

I P - 3 I T -gpl* to r i f. • 1 

5) Lemmas tL. l\ lkl.4l and estimate f4.h|) allow to apply to eq. (jll.^p the methods, 
developed recently to | lf grpve exponential mixing for the stochastic 2d Navier- 
Stokes system (see in |kSi2] Theorems 3.1.7, 3.4.1 as welLas discussion of this 
result). It implies that the Markov process, defined by eq. (pi.2|) . is exponentially 



mixing, i.e. in Theorem lft.^l jh*^ dis tance 1 1 A — A* 1 1 2: converges to zero exponen- 



tially fast. Sec Section 4 of for consequences of this result. Proof of this 



generalization is less straightforward than those in l)-4) and will be presented 
elsewhere. 



27 



References 

[Bur 73] D. L. Burkholdcr, Distribution function inequalities for martingales, 
Ann. Probab. 1 (1973), no. 1, 19-42. 

[DO05] A. Debussche and C. Odasso, Ergodicity for a weakly damped stochas- 
tic nonlinear Schrodinger equations, J. Evol. Eq. 3 (2005), no. 5, 317- 
356. 

[Dud89] R. M. Dudley, Real Analysis and Probability, Cambrigde University 
Press (1989). 

[DZ92] G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimen- 
sions, Cambridge University Press, Cambridge, 1992. 

[Hai02] M. Hairer, Exponential mixing properties of stochastic PDE's through 
asymptotic coupling, Probab. Theory Relat. Fields 124 (2002), 345- 
380. 

[KNP03] S. Kuksin, N. Nadirashvili, and A. Piatnitski, Holder estimates for 
solutions of parabolic SPDEs, Theory Probab. Appl. 47 (2003), no. 1, 
157-164. 

[Kry96] N. V. Krylov, On L p -theory of stochastic partial differential equations 
in the wole space, SIAM J. Math. Anal. 27 (1996), 313-340. 

[KS91] I. Karatzas and S. E. Shreve, Brownian Motion and Stochastic Calcu- 
lus, Springer- Verlag, New York, 1991. 

[KS02] S. Kuksin and A. Shirikyan, Coupling approach to white-forced non- 
linear PDEs, J. Math. Pures Appl. 81 (2002), 567-602. 

[KS12] , Mathematics of Two-Dimensional Turbulence, Cambridge 

University press, to appear, Cambridge, 2012. 

[Kuk97] S. Kuksin, On turbulence in nonlinear Shrodinger equation, Geometric 
and Functional Analysis 7 (1997), 338-363. 

[Kuk99] , A stochastic nonlinear Schrodinger equation. I. A priori es- 
timates, Tr. Mat. Inst. Steklova 225 (1999), 232-256. 

[Lan97] E. M. Landis, Second Order Equations of Elliptic and Parabolic Type, 
American Mathematical Society, Providence, RA, 1997. 

[Lio69] J.-L. Lions, Quelques Methodes de Resolution des Problemes aux Lim- 
ites Non Lineaires, Gauthicr-Villars, Paris, 1969. 

[MR96] R. Mikulevicius and B. Rozovskii, A note on Krylov 's L p -theory for 
systems of SPDEs, Electron. J. Probab 6 (1996), no. 12, 1-35. 



28 



[Ner08] V. Nersesyan, Polynomial mixing for the complex Ginzburg-Landau 
equation perturbed by a random force at random times, J. Evol. Eq. 8 
(2008), no. 1, 1-29. 

[Oda08] C. Odasso, Exponential mixing for stochastic PDEs: the non-additive 
case, Probab. Theory Relat. Fields 140 (2008), 41-82. 

[Shi04] A. Shirikyan, Exponential mixing for 2D Navier-Stokes equations per- 
turbed by an unbounded noise, J. Math. Fluid Mcch. 6 (2004), no. 2, 
169-193. 

[Shi06] , Ergodicity for a class of Markov processes and applications to 

randomly forced PDE's II, Discrete Contin. Dynam. Systems 6 (2006), 
no. 4, 911-926. 

[Shi08] , Exponential mixing for randomly forced PDE's: method of 

coupling, In: Bardos, C, Fursikov, A. Eds. Instability of Models Con- 
nected with Fluid Flows II, Springer, New York 6 (2008), 155-188. 



29 



